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Abstract
Certain dissipative systems, such as Caldirola and Kannai’s damped simple harmonic oscil-
lator, may be modelled by time-dependent Lagrangian and hence time dependent Hamiltonian
systems with n degrees of freedom. In this paper we treat these systems, their projective and
conformal symmetries as well as their quantisation from the point of view of the Eisenhart lift to
a Bargmann spacetime in n+ 2 dimensions, equipped with its covariantly constant null Killing
vector field. Reparametrization of the time variable corresponds to conformal rescalings of the
Bargmann metric. We show how the Arnold map lifts to Bargmann spacetime. We contrast the
greater generality of the Caldirola-Kannai approach with that of Arnold and Bateman. At the
level of quantum mechanics, we are able to show how the relevant Schro¨dinger equation emerges
naturally using the techniques of quantum field theory in curved spacetimes, since a covariantly
constant null Killing vector field gives rise to well defined one particle Hilbert space.
Time-dependent Lagrangians arise naturally also in cosmology and give rise to the phe-
nomenon of Hubble friction. We provide an account of this for Friedmann-Lemaˆıtre and Bianchi
cosmologies and how it fits in with our previous discussion in the non-relativistic limit.
Keywords: Caldirola-Kanai model, damped oscillator, Bargmann space, Eisenhart lift, Hubble
model, Dmitriev-Zel’dovich equations
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I. INTRODUCTION
Over the past few years the extended spacetime originally proposed by Eisenhart
[1], then forgotten, and rediscovered [2–5] under the name of “Bargmann structure”, has
provided a powerful framework from which to view and explore the symmetries of various
naturally occurring Lagrangian systems, both classical and quantum. See e.g. [6] for a
recent review.
Hitherto, the majority of such studies have been cases for which the Lagrangian L
is independent of time t. As a consequence, the equations of motion are an autonomous
set of ordinary differential equations of what can be thought of as an isolated system.
Energy is conserved and the time evolution map ft (assuming that it is defined for all
t) is classically by means of a one-parameter group of canonical transformations, and
quantum-mechanically by means of a one-parameter group of unitary transformations. In
both cases, the time evolution map satisfies the group composition law
ft+t′ = ft′ ◦ ft . (I.1)
By contrast, if the Lagrangian L is time dependent the equations of motion are no-
longer autonomous, they contain the time explicitly. The system is no longer isolated and
may be thought of as coupled to an external environment. Energy is no longer conserved,
and since, to the extent that there is no preferred time parameter, the motion may be
regarded by means of a path in the space of canonical transformations, and quantum-
mechanically by means of a path in the space of unitary transformations. This is a
reflection of the fact that since there is no preferred choice of time parameter for such
systems, one is alway free to replace t by a monotonic function τ(t) of t. For the time
independent case there is, up to an affine transformation, a unique parameter t for which
(I.1) is true.
If what-would-be-the-energy in the absence of time dependence decreases monoton-
ically for the time dependent case, it is natural to regard the system as dissipative due
to friction which transfers energy to some other, possibly microscopic degrees of freedom.
However in general what would be the energy in the absence of time dependence may
both increase or decrease. This might happen if the system were subject to external
time-dependent forces or torques designed by an external agent to move the system in
a different way from its natural motion for which L is time-independent. This sort of
situation arises in the subject of control theory both at the classical and the quantum
level. A recent application is given in [7].
The original motivation of the present study arose from an enquiry to one of us from
the authors of [8–11] how their work on the symmetries of the damped simple harmonic
oscillator fits into the Eisenhart framework. Although on the face of it a comparatively
simple problem, the literature on the damped simple harmonic oscillator is very extensive,
no doubt because of its wide range of applications in all areas of science and technology.
It would be quite out of place to review all of it here. The reader is advised to consult,
e.g., [12, 13] and references therein.
4
Roughly speaking, one finds that there are two main approaches to the problem to
which we refer as the Caldirola-Kannai [14, 15] and the Bateman approach [16].
In the former one constructs a time dependent Lagrangian whose equations of motion
are those of the damped oscillator:
x¨+ γx˙+ ω2x = 0 , (I.2)
and then to pass to a time-dependent Hamiltonian
H =
1
2m
e−γtp2 +
1
2
eγtmω2x2 . (I.3)
One may then pass to the quantum theory in the standard fashion by replacing p by 1
i
∂
∂x
in (I.3) The resulting Hamiltonian operator Hˆ is manifestly time dependent and does not
commute with the time derivative, [
Hˆ,
∂
∂t
]
6= 0 . (I.4)
This has caused some comments in the literature, but it appears to presents no funda-
mental difficulty to developing the theory. Moreover there is no difficulty in extending the
procedure to a wide variety of time dependent Lagrangians representing a particle moving
on a curved configuration space in the presence a potential function and such that both
the metric giving the kinetic terms and the potential term may depend on both time and
space and the Euler–Lagrange equations are non-linear in positions, unlike (I.2). As we
shall show in § II, there is no difficulty in constructing the Eisenhart lift.
We are then able to show that the problem of quantizing the system may then be
achieved by regarding it as one of constructing a free quantum field theory in a curved
Lorentzian spacetime background given by the Eisenhart lift.
It is well known that for a general curved space time there is no privileged notion of
positive frequency and hence no well defined notion of a time independent one particle
Hilbert space upon which to build the full Hilbert space by the the usual Fock construction.
However the Eisenhart lift is not a general a Lorentzian spacetime, but rather it admits
a Bargmann structure [2, 5] and in particular a null Killing vector field. It has been
known for some time [17] that in this situation there is a privileged notion of positive
frequency and hence a privileged one-particle Hilbert space. It is this Hilbert space which
corresponds to the Caldirola-Kannai construction in this general case.
In the case of a linear equation of motion, such as that of the damped simple harmonic
oscillator such as (I.2) there is a procedure due to Arnold [18] of mapping the problem
to that of a free particle by means of a mapping of the associated non-relativistic space
time t, x into itself. The authors of [8] have shown how this classical Arnold map may be
made the basis of a quantum mechanical Arnold map to map the quantum algebra of the
classical free particle into the quantum algebra of the damped simple harmonic oscillator.
We are able to show that the Arnold maps, both classical and quantum, may be lifted
to the Eisenhart/Bargmann space where, since in this special case, it is conformally flat,
they act as conformal transformations.
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The second approach is that of Bateman [16] in which one introduces an additional
degree of freedom y to the simple harmonic oscillator (I.2) which we call the Bateman
double (or “Doppelga¨nger”) and a time dependent Lagrangian form which follows the
original equation of motion (I.2) and that of its Doppelga¨nger
y¨ − γy˙ + ω2y = 0 . (I.5)
Note that the Doppelga¨nger is anti-damped rather than damped. However, as a
consequence of the time-independence of the the Lagrangian, there is a total conserved
energy but this energy is not positive definite. Physically the Doppelga¨nger represents
the environment into which the original oscillator loses energy such that what the original
particle loses the environment gains. The authors of [9] have related the Caldirola-Kannai
and Bateman approaches and how the algebra of their asymmetries map into one another
using the Arnold maps. Using the Eisenhart lift we are able to lift these maps and view
the symmetries and their relation in terms of conformal geometry
From our work it appears that both the Arnold and the Bateman procedures have
a limited range of applications since in their straightforward form they can be used only
when the equations of motion are linear. By contrast we have seen that the Caldirola-
Kannai approach has a much wider range of applicability.
Having described these basic examples we turn to further applications and extensions
of the Eisenhart lifting procedure. A standard dynamical model, productive of many
symmetries, is that of free or geodesic motion on a Lie group with respect to a left-
invariant metric. We briefly review the necessary formalism and then discuss its extension
to the case when both the metric, and any added potential may depend upon time.
An interesting example is provided by the case of a planar isotropic harmonic oscillator
without friction. In this case the Eisenhart lift is to a bi-invariant metric on the four-
dimensional Cangemi-Jackiw group [19], a spacetime also known in string theory as the
Nappi-Witten [20] solution.
Our final applications are to the phenomenon of Hubble friction. In the case it is the
expanding universe which constitutes the source of time dependence in the Lagrangian
for particles moving in a background Friedmann-Lemaˆıtre-Robertson-Walker universe.
Going beyond isotropy, in the final section we incorporate anisotropy by considering the
spatial metric to be a time-dependent but left-invariant metric on one of Bianchi’s nine
three-dimensional Lie groups.
II. GENERALIZED CALDIROLA-KANAI SYSTEMS
Consider the time-dependent Lagrangian and Hamiltonian

L =
m
2α(t)
gij(x
k)x˙ix˙j − β(t)V (xi, t),
H =
α(t)
2m
gij(xk)pipj + β(t)V (x
i, t),
(II.6)
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respectively, where gij(x
k)dxidxj is a positive metric on a curved configuration space Q
with local coordinates xi, where i = 1, . . . , n. We denote bym the mass of the system. The
coefficients α(t) and β(t) depend on time t and V (xi, t) is some (possibly time-dependent)
scalar potential. The associated Lagrange equations yield the equations of motion
d2xi
dt2
+ Γijk
dxj
dt
dxk
dt
− α˙
α
dxi
dt
= −αβ
m
gij∂jV , (II.7)
where the Γijk are the Christoffel symbols of the Levi-Civita connection of the metric gij.
When the system is explicitly time-dependent, the energy is not conserved.
Setting, for example,
n = 1, V =
1
2
mω2x2, α = β−1 = e−γt, (II.8)
we obtain the damped harmonic oscillator [8–16],
L =
m
2
eγt
(∣∣∣dx
dt
∣∣∣2 − ω2x2), d2x
dt2
+ γ
dx
dt
= −ω2 x. (II.9)
Returning to the general case (II.7), we note that the “frictional [or anti-frictional] term”
−(α˙/α)x˙i can be eliminated by introducing a new time-parameter τ = ϕ(t) defined by
dτ = α dt, (II.10)
which carries (II.7) into the form
d2xi
dτ 2
+ Γijk
dxj
dτ
dxk
dτ
= − β
mα
gij∂jV . (II.11)
A similar argument applies also in the more general case when Γijk in (II.7) is any
linear connection on Q. Thus, whether there is friction, depends crucially on which time-
scale or system of clocks that we use. It is worth mentioning that time reparametrization,
(II.10), can also be viewed in terms of projective connections, see Section IIC.
A. Relation to Rayleigh’s dissipation function
It is traditional [21], when considering linear, dissipative systems with constant co-
efficients to introduce what is known as Rayleigh’s dissipation function 1. Consider, for
example, the system of electric circuits governed by the equations
Lij
d2qj
dt2
+Rij
dqj
dt
+ Pijq
j = 0 (II.12)
with Pij = C
−1
ij , where, for electric circuits, q˙
j = ij is the electric current flowing through
the j’th circuit. Lij , Rij and Cij are the components of the mutual inductance, resistance
1 Minguzzi [22] has recently considered non-linear versions.
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and capacitance matrices, respectively, which are assumed symmetric and independent of
time and qj. The matrix whose components are Pij is sometimes known as the elastance
matrix. One may be more ambitious and consider electrical machinery in which case one
has, in addition to electrical components such as inductors, resistors and capacitors, vari-
ous rigid bodies with generalized coordinates qi, with mass matrices and spring constants
etc. The combined system may also be described using equations (II.12), where some of
the components Lij are masses and Pij spring constants. For simplicity we shall assume
that detLij 6= 0 and that there are no generalized forces on the r.h.s of (II.12).
The standard treatment is then to define the kinetic energy T = 1
2
Lij q˙
iq˙j, the poten-
tial energy V = 1
2
Pijq
iqj and Rayleigh’s dissipation function R = 1
2
Rij q˙
iq˙j and write the
equations of motion as
d
dt
(
∂T
∂q˙i
) +
∂V
∂qi
= −∂R
∂q˙i
= −Rij q˙j . (II.13)
Thus
d
dt
(T + V ) = 2R . (II.14)
Introducing L = T − V 2 leads to the equation:
d
dt
(
∂L
∂q˙i
)− ∂L
∂qi
= −∂R
∂q˙i
. (II.15)
This is not of Lagrangian form and it is not clear how to construct a Hamiltonian. The
electrical engineer Kron attempted to interpret what is going on as some sort of non-
Riemannian geometry [23]. However so far this view point does not seem to have been
widely adopted. Our strategy is to adjoin two additional coordinates to the generalized
coordinates qj and give an interpretation in terms of pseudo-Riemannian geometry. If (as
it typically happens), the inductance matrix Lij has only strictly positive eigenvalues, it
will be Lorentzian geometry. It is possible that Kron’s non-Riemannian geometry may
have a place in that context.
Following Caldirola and Kanai we consider the equation 3
d
dt
(Aij q˙
j) +Bijq
j = 0 . (II.16)
with A = F−1L for a time-dependent matrix F . We find −F˙F−1L = R , B = F−1P , and
so F satisfies
F˙ +RL−1F = 0 . (II.17)
If there is only one degree of freedom we recover the result of Caldirola and Kanai [14, 15].
B. The Eisenhart lift
Further insight can be gained by lifting the problem to one higher dimension called
“Bargmann space” [2, 5]. In order to Eisenhart-lift the system (II.6), we introduce a
2 In this paragraph L should be distinguished from the inductance matrix L whose components are Lij .
3 from now on L reverts to being the inductance matrix L whose components are Lij .
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spacetime extension parametrized by (xa) = (xi, t, s), endowed with a Brinkmann metric
[5, 24] of the form
gabdx
adxb =
1
α
gijdx
idxj + 2dtds− 2βV
m
dt2. (II.18)
Denoting by (pa) = (pi, pt, ps) the conjugate momentum and putting pt = −H and ps = m,
we easily find
1
2m
gabpapb =
α
2m
gijpipj −H + βV = 0,
using the contravariant form of the metric. This confirms the null character of (pa) and
matches the form (II.6) of the Hamiltonian : the null-geodesics of the metric (II.18)
project to spacetime as the solutions of the original equations of motion (II.7).
Our clue is now that the time reparametrization ϕ : t → τ defined by (II.10) which
allowed us to eliminate the friction amounts to a conformal rescaling of the metric,
gab =
1
α
g˜ab, g˜abdx˜
adx˜b = gij(x
k)dxidxj + 2dτds− 2β
mα
V dτ 2, (II.19)
where (x˜a) = (xi, τ, s), and α, β are now viewed as functions of τ . Setting e.g.,
n = 2, gij = δij and V =
1
2
mω2(x2 + y2) (II.20)
in (II.19), then the metric g˜abdx˜
adx˜b may be identified as a special case of the metric (7.1)
in [25]. One sets ζ = x+ iy, v = 2s, u = τ , f(u, ζ) = 0 and φ(u, ζ) =
√
β
α
ζ . For example,
the metric and two-form
g˜abdx˜
adx˜b = dζdζ¯ + dτ
(
2ds+H(τ, ζ, ζ¯)dτ
)
, (II.21)
F = dτ ∧ (∂ζφ dζ + ∂ζ¯ φ¯ dζ¯), (II.22)
where
H(τ, ζ, ζ¯) = f(τ, ζ) + f¯(τ, ζ¯)− 2φ(τ, ζ)φ¯(τ, ζ¯) (II.23)
is a solution of the Einstein-Maxwell equations if f and φ are arbitrary functions of τ and
holomorphic in ζ , see [25].
If n = 2, gij = δij , f = 0 and φ = B(τ)ζ here, then eqn (II.22) and eqn (II.19) agree
when
V =
mα
β
B2(τ) ζζ¯. (II.24)
On the other hand, if B(τ) is a constant, then g˜abdx˜
adx˜b is the left-invariant metric
on the Cangemi-Jackiw group [19, 20], see [25] and sec. IID for further discussion. If
B2(τ) =
β
α
ω2
2
with β = α−1 = (1− γτ))−1, then we recover the Caldirola-Kanai oscillator.
Since (II.21)-(II.22) is a solution of the Einstein-Maxwell equations with vanishing
cosmological constant, the Ricci scalar of the metric g˜abdx˜
adx˜b vanishes. Since ∇˜aα∇˜aα =
9
0 and ∇˜a∇˜aα both vanish, the Ricci scalar of the conformally related metric gab in (II.19)
also vanishes. This has the consequence that the massless scalar wave equation we shall
discuss in Secs. D, E and F is unambiguous, since there can be no Rφ term [26].
For the choice n = 2, gij = δij , f = 0 and φ = B(τ)ζ made above, the Weyl tensor
of (II.21) vanishes since ∂2ζH = 0 [25] and is therefore conformally flat, consistently with
[27]. All conformally flat Bargmann spaces with n = 2 were determined in [28].
We conclude this subsection by explaining the relation to another recently proposed
approach [29]. The (2n + 3)-dimensional “evolution space” [30] of a spinless particle of
mass m moving in our (n + 2)-dimensional Bargmann manifold (M, g, ξ) is N ⊂ T ∗M ,
defined by the constraint
paξ
a = m. (II.25)
cf. [5]. Putting ξ = ∂s we have ps = m; the induced canonical Cartan 1-form on N is
therefore
α = pidx
i −Hdt+mds. (II.26)
The motions which in fact null geodesics of the Bargmann metric are the leaves of the
characteristic distribution of the two-form induced by dα on the submanifold pap
a = 0 of
N . α is a contact 1-form on the evolution space. Putting S = ms as a genuine action
coordinate, we readily end-up with Eq. # (68) of [29]. Their contact structure is therefore
the canonical one on N , our Bargmann evolution space.
C. Projective point of view
Earlier, in sec. II we have seen that the time-dependent friction term on the l.h.s. of
eqn (II.7) may be eliminated by means of the change of the time parameter eqn (II.10) to
produce (II.11). In this equation the Γijk are the components of the Levi-Civita connection
of the time-independent metric gij in (II.6). However, we may consider a more general
equation in which Γijk are the components of a general linear affine connection. One may
even even further generalize the situation to the case when Γijk depend on time. If we
consider τ as an extra coordinate so that xµ = (τ, xi) then eqn (II.11) is a special case of
a general equation of an affinely parametrized auto-parallel curve of the form
d2xρ
dλ2
+ Γρµν
dxµ
dλ
dxν
dλ
= 0. (II.27)
To obtain (II.11) we set
Γijk = Christoffel symbols of gij , Γ
0
µν = 0, Γ
i
00 =
β
mα
gij∂jV . (II.28)
Solutions of (II.27) are called geodesics or auto-parallel curves of the affinely connected
manifoldM1+n whose local coordinates are xµ. A priori M1+n need not be equipped with
a metric (Lorentzian or otherwise).
The manifold M1+n is said to be projectively flat if its geodesics may be mapped
into straight lines in R1+n. If n > 1, a necessary and sufficient condition for this is
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that the Weyl projective curvature tensor of the affine connection Γρµν , denoted by W
α
βγδ
vanishes, see Thm 3.1 of [31]. For a NC connection whose only nonzero components are
Γi00 = −gi(x, t) with i = 1, . . . , n, there holds W αβγδ = 0 iff
g(x, t) = a(t)x+ b(t), (II.29)
implying a SL(n + 2,R)-symmetry for the projective geodesics. It follows that for an
isotropic simple harmonic oscillator the Weyl projective tensor vanishes. The group
SL(n + 2,R) does not preserve the conformal Galilei structure in general, though, and
requiring it to do so, we end up with the Schro¨dinger group; see [10, 32] for details.
The case n = 1 is special in that W αβγδ vanishes identically. However, a special case
of Thm 3.4 of [31] states that the equation
x¨+ c(x, t)x˙+ g(x, t) = 0 (II.30)
may be brought to the form
x˜′′ = 0 (II.31)
by a suitable transformation x˜ = x˜(x, t) and t˜ = t˜(x, t) (where the prime means d/dt˜),
provided
3
∂2g
∂x2
− 2 ∂
2c
∂t∂x
− 2c ∂c
∂x
= 0 and
∂2c
∂x2
= 0. (II.32)
This equation is automatically satisfied for a damped harmonic oscillator with possibly
time- (but not space) dependent friction term and frequency. This explains the SL(3,R)
symmetry discovered in [33].
The general solution of eqn. (II.32) is give by
c(x, t) = A(t)x+B(t), g(x, t) =
A2
9
x3 +
1
3
(
A˙+ AB
)
x2 + C(t)x+D(t). (II.33)
We remark en passant that Lie´nard’s non-linear oscillator with position-dependent damp-
ing [34],
x¨+ f ′(x)x˙+ x = 0, (II.34)
which includes van der Pol’s oscillator [35] as a special case, f = x3−x, admits projective
symmetry i.e., may be brought to the form of a free particle only if f ′(x) = γ with
γ = const..
D. Generalized Caldirola-Kanai models on group manifolds
A wide variety of interesting dynamical models may be obtained by taking the con-
figuration space Q to be a Lie group G with local coordinates qi. That is, there are group
elements G ∋ g = g(qi), and left and right invariant Cartan-Maurer forms
g−1dg = λaea , dgg
−1 = ρaea (II.35)
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such that if ea is a basis for the Lie algebra g satisfying
[ea, eb] = Ca
c
b ec, (II.36)
then
dλc = −1
2
Ca
c
b λ
a ∧ λb , dρc = 1
2
Ca
c
b ρ
a ∧ ρb . (II.37)
We denote the canonical Darboux coordinates on the co-tangent space T ⋆G = G× g⋆ by
(qi, pi).
The left and right invariant vector field Lia and R
i
a dual to λ
a
i , ρ
a
i respectively,
λaiL
i
b = δ
a
b , ρ
a
iR
i
b = δ
a
b , (II.38)
satisfy
[La, Lb] = Ca
c
b Lc , [Ra, Lb] = 0 , [Ra, Rb] = −Ca c bRc , (II.39)
and generate right and left translations on G, respectively. One may define moment maps
into the dual g⋆ of the Lie algebra by
Ma = piL
i
a , Na = piR
i
a , (II.40)
with Poisson brackets
{Ma,Mb} = −Ca b cMb, {Ma, Nb} = 0 , {Na, Nb} = Ca b cMb, (II.41)
which generate the lifts of right and left translation to T ⋆G. A Hamiltonian H = H(qi, pi)
which is left-invariant therefore satisfies
N˙a = {Na, H} = 0 , (II.42)
and so the moment maps Na are constants of the motion. By contrast, the moment maps
generating right actions, Ma, are in general time-dependent,
M˙a = {Ma, H} 6= 0 . (II.43)
A left-invariant Lagrangian may be constructed from combinations of left-invariant
velocities or angular velocities,
ωa = λai q˙
i, (II.44)
giving a Hamiltonian which is a combination of the moment maps Ma,
H = H(Ma) . (II.45)
Thus (II.43) provide an autonomous 1st order system of ODE’s on g⋆ for the moment
maps Ma called the Euler equations. To obtain the motion on the group, one uses the
equation q˙i = ∂H/∂pi . Now
pi = Maλ
a
i and so q˙
i = Lia
∂H
∂Ma
. (II.46)
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The method described above can reasonably be called hodographic. Hamilton [36]
defined the hodograph of a particle motion x = x(t) in E3 as the the curve described by
the vector v(t) = dx/dt, a construction very similar to the Gauss map for surfaces in E3.
Hamilton then discovered [36] the elegant result that the hodograph for Keplerian motion
is a circle.
Since velocity space and momentum space are naturally identified in this case we may
think about the motion in phase space T ⋆E3 = (x,p), and then observe that because E3 is
flat, there is, in addition to the standard vertical projection (x,p)→ (x, 0), a well defined
horizontal map or hodographic projection (x,p) → (0,p). For a general configuration
space Q, the co-tangent manifold T ⋆Q will not admit a well-defined horizontal projection.
However if Q = G, a group manifold, then it does, and the Euler equations govern the
motion of the hodograph.
The simplest models of this type correspond to geodesic motion with respect to a
left-invariant metric on G of the form
gijdq
idqj = Babλ
aλb , (II.47)
where Bab is a symmetric bi-linear form on g. In this case
T =
1
2
Bab ω
aωb , H =
1
2
BabMaMb . (II.48)
Usually the metric considered is positive definite, but it need not be. For examples of
spacetimes which may be thought of as group manifolds see [37] and also below.
So far we have been considering metrics for which the bilinear form Bab is time
dependent but from the previous section it is clear that we may consider it to be time-
dependent, Bab = Bab(t). Everything will go through as before except that our Hamilton’s
and Euler’s equations will no longer be autonomous. The case of G = SO(3) is familiar
as giving the free motion of a rigid body with one point fixed. The bi-linear form Bab is
then the inertia quadric. Our generalization would apply if it were time dependent.
A further generalization would be to let the fixed point move, in which case we would
replace SO(3) by the Euclidean group E(3). The Bianchi group V II0 has been applied
to the optical geometry of the ground state of chiral nematics [38]. The time-dependent
theory might well have relevance in that case as well.
As an illustration, we discuss briefly the symmetries of the Cangemi-Jackiw-Nappi-
Witten metric, eqn (II.50) below. The Nappi-Witten (or diamond) group has originally
been proposed as space-time for lineal gravity [19] and turned out to be an exact string
vacuum [20]. It is the semidirect product of SO(2) which represents compactified time
with H(1), the Heisenberg group in 1 dimension,
G = S˜E(2) = SO(2)⋉H(1). (II.49)
The clue is that G carries a natural (3 + 1)-dimensional curved Bargmann structure [39]
g = dx⊗ dx+ dy ⊗ dy + dt⊗ ds+ ds⊗ dt− ω2(x2 + y2)dt⊗ dt, ξ = ∂
∂s
, (II.50)
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where the generator, ξ, of the centre, SO(2), of H(1) is null and covariantly constant
for the Lorentz metric g; here ω 6= 0 is a free parameter. Thus (II.50) yields a (2 + 1)-
dimensional Galilei structure on the “base manifold”, which is in fact the Euclidean group,
SE(2) = SO(2)⋉R2, obtained by factoring out the centre of H(1).
The Lie algebra of infinitesimal isometries of (G, g) can be found by integrating the
Killing equations, yielding the following 7 generators
J = x∂y − y∂x,
X1 = cos(ωt)∂x + ωx sin(ωt)∂s,
X2 = sin(ωt)∂x − ωx cos(ωt)∂s,
Y1 = cos(ωt)∂y + ωy sin(ωt)∂s,
Y2 = sin(ωt)∂y − ωy cos(ωt)∂s,
T = ∂t,
S = ∂s.
(II.51)
The nontrivial Lie brackets are
[J,Xi] = −Yi, [J, Yi] = Xi, [X1, X2] = [Y1, Y2] = −ω S,
[Xi, T ] = ω ǫijXj , [Yi, T ] = ω ǫijYj,
(II.52)
where i, j = 1, 2. Notice that S being central, the isometries form the “Bargmann group”
of the NW group viewed as a Bargmann manifold, and thus automatically project onto
“spacetime” SE(2) as the 6-dimensional “Galilei” group. This group of ultimately projects
in turn onto “time”, SO(2), as translations.
Viewing things differently, let us recall the group law for the NW-group G with
topology S1 ×R2 × S1:(
φ,X, z) · (φ′,X′, z′) = (φ+ φ′, R(φ)X′ +X, z + z′ − 1
2
X · JR(φ)X′) (II.53)
where (JX)i = ǫijXj, and R(φ) = exp(φJ) ∈ SO(2). The left-invariant Maurer-Cartan
1-form Θ = (τ, θ, ̟) then reads
τ = dφ, θ = R(−φ)dX, ̟ = 1
2
X · JdX+ dz. (II.54)
One can furthermore check that
g˜ = θ1 ⊗ θ1 + θ2 ⊗ θ2 +̟ ⊗ τ + τ ⊗̟, ξ˜ = ∂
∂z
, (II.55)
endows the NW-group G with a canonical Bargmann structure.
Left translations preserve (by definition) the Maurer-Cartan form, L∗aΘ = Θ, and
also the “vertical” vector, L∗aξ˜ = ξ˜, whereas right translations only preserve the Lorentz
metric, R∗ag˜ = g˜, and the “vertical” vector, R
∗
aξ˜ = ξ˜, for all a ∈ G. The group G×G thus
acts isometrically on itself according to
Φ(a′, a′′)(a) = a′ · a · (a′′)−1 (II.56)
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with a, a′, a′′ ∈ G. But this action is not effective, ker(Φ) ∼= R, the centre of G diagonally
embedded in G×G. Hence Isom(G, g˜) = (G×G)/R.
Explicitly, the structure (II.55) on G parametrized by (φ,X = (x˜, y˜), z) is
g˜ = dx˜⊗ dx˜+ dy˜ ⊗ dy˜ +̟ ⊗ dφ+ dφ⊗̟, ξ˜ = ∂
∂z
, (II.57)
where ̟ = 1
2
(x˜dy˜ − y˜dx˜) + dz is as in (II.54).
Let us mention that the Bargmann structure (II.57) of the NW-group (II.49) is related
to the original one in (II.50) by the diffeomorphism (t, x, y, s) 7→ (φ, x˜, y˜, z) of G where
φ = 2ωt, x˜ = x cos(ωt) + y sin(ωt), y˜ = −x sin(ωt) + y cos(ωt), z = s
2ω
. (II.58)
The infinitesimal generators of the left action of G:
J ′ = ∂φ + y˜∂x˜ − x˜∂y˜,
X ′1 = ∂x˜ − 12 y˜∂z ,
X ′2 = ∂y˜ +
1
2
x˜∂z,
Z ′ = ∂z,
(II.59)
commute with those of the right action of G:
J ′′ = ∂φ,
X ′′1 = cosφ ∂x˜ − sin φ ∂y˜ + 12(y˜ cosφ+ x˜ sin φ)∂z,
X ′′2 = sinφ ∂x˜ + cosφ ∂y˜ +
1
2
(y˜ sin φ− x˜ cos φ)∂z,
Z ′′ = ∂z,
(II.60)
yielding the 7 infinitesimal isometries J ′, J ′′, X ′1, X
′′
1 , X
′
2, X
′′
2 , Z
′ = Z ′′ corresponding,
via (II.58), to those given in (II.51).
These results are consistent with those in [25], obtained in a different coordinate
system.
The Nappi-Witten model has been generalized by Yang-Baxter deformations [40]
however the sigma-model metric, i.e., the pp-wave (II.50), remains unchanged.
Finally, it is worth mentioning that an extension of this framework to infinite dimen-
sional groups allows one to discuss hydrodynamics along similar terms [41].
E. Schro¨dinger equation via the wave equation
An issue which often crops up in the literature [12] has been what is the relevant
Schro¨dinger equation for a time-dependent or frictional system. This is easily resolved
using the Eisenhart lift. We take the massless minimally coupled scalar wave equation in
our extended spacetime
1√−g∂a
(√−ggab∂bφ) = 0 , (II.61)
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where the metric, gab, is as in (II.18). Now, in our case −g = − det gab = α−n det gij, and
we set φ = eims χ(xj , t) as in [2] to find that the above wave equation reads
i∂tχ = − α
2m
∇2χ + i n
4
α˙
α
χ + βV χ (II.62)
where ∇2 is the Laplacian with respect to the metric gij and α˙ = dα/dt. Agreement with
equation (1) of [9] and equation (3) of [10], is obtained by putting n = 1 g11 = 1 and
α = β−1 = e−γt, with γ a constant independent of time.
Substituting
χ = α
n
4Ψ(xj, t), (II.63)
in the general eqn (II.62), we may bring the system into the time-dependent Schro¨dinger
form,
i∂tΨ = − α
2m
∇2Ψ+ βVΨ . (II.64)
An adaption of the standard calculation shows that
∂t(Ψ¯Ψ) = i
α
2m
∇j(Ψ¯∂jΨ−Ψ∂jΨ¯) , (II.65)
where ∇i is the Levi-Civita covariant derivative of the metric gij. It follows that, modulo
suitable boundary conditions, the conserved probability is
〈Ψ|Ψ〉 =
∫
|Ψ|2
√
det gijd
nx, (II.66)
where the integral is taken for t = const.. Moreover the quantum Hamiltonian
Hˆ = − α
2m
∇2 + βV (II.67)
is self-adjoint with respect to the inner product 〈Ψ|Ψ〉. However, because of the time-
dependence of α and β while the time dependence preserves the inner product 〈Ψ|Ψ〉,
that is it consists of a one parameter family of unitarity maps, the one parameter family
is not a one parameter subgroup of the unitary group. In other words,
Ψ(t+ t′) 6= e−iHˆtΨ(t′) . (II.68)
F. Pseudo-stationary states
According to [12] p. 24, for the under-damped simple harmonic oscillator in one
spatial dimension the Schro¨dinger equation has a set of normalised solutions w.r.t. the
inner product (II.66) called pseudo-stationary states of the form
Ψk(x, t) =
1√
2kk!
(mΩ
π
) 1
4
eγte−i(k+
1
2
)Ω te−
1
2
mΩx2e2γtHk(
√
mΩxeγt) , (II.69)
where Ω =
√
ω2 − γ2, k = 0, 1 . . . and Hk(y) is a Hermite polynomial. The general
solution is therefore
Ψ =
∑
k
ckΨk(x, t), (II.70)
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where the ck may be determined, for example, by expanding Ψ(x, 0) as a series in the
complete set of functions (II.69).
If γ = 0, then the Ψk are eigenstates of the Hamiltonian operator Hˆ and as a
consequence (II.69) and (II.70) give the standard unitary evolution by means of a one-
parameter subgroup of unitary transformations Ut = e
−iHˆt. That is,
Ψ(x, t) = UtΨ(x, 0), (II.71)
However when γ 6= 0, while (II.71) remains true, it is clear from (II.69) that the time-
evolution given by (II.70) is not given by a one-parameter subgroup of unitary transfor-
mations, because Ut+t′ = Ut◦Ut′ is not satisfied.
G. Second quantised QFT approach
In the previous section we adopted a first quantised approach in which we simply took
the classical minimally coupled wave equation and dimensionally reduced to obtain our
candidate Schro¨dinger equation in the lower dimensional Newton-Cartan spacetime. One
might ask how this is related to second quantised free Quantum Field Theory in the higher
dimensional Bargmann spacetime. We would then face the basic problem of extending
Poincare´ invariant Quantum Field Theory to a fixed curved spacetime: the lack of a
general acceptable unique definition of positive frequency and hence particle. Physically
this ambiguity is responsible for the phenomenon of pair creation. Mathematically it
means that in general there is no unique one particle Hilbert space H1 from which to give
a Fock space construction of the entire sum of multi-particle Hilbert spaces HN
H =
∞∑
N=0
⊕HN , (II.72)
where H0 is the no particle state. Following the precedent set in [17] we may tackle this
problem making use of the null Killing vector field.
The inner product on H1 is usually defined using the conserved Klein-Gordon current
Ja[φ
′, φ] = i
(
φ¯′∂aφ− φ∂aφ¯′
)
(II.73)
where φ and φ′ are two complex valued solutions of the massless minimally coupled scalar
field eqn (II.61). There is no problem with the conservation, that is we have
∇aJa = 1√−g
(
∂a
√−ggabJb
)
= 0 , (II.74)
where ∇a is the Levi-Civita covariant derivative with respect to the Bargmann metric gab.
An inner product on the space of complex solutions may be defined by
(φ′, φ) =
∫
Σ
JadΣa, (II.75)
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where Σ is a spacelike or possibly null Cauchy hypersurface. The problem is that the
inner product so defined is indefinite unless the complex solutions are suitably restricted.
Suppose we have such a complete set of positive frequency functions pi such that
(pi, pj) = δij , (p¯i, pj) = 0 , (p¯i, p¯j) = −δij , (II.76)
where {i} is a suitable index set. Then the quantum field φˆ may be expanded as
φˆ =
∑
i
aˆipi + aˆ
†
i p¯i, where [aˆi, aˆj] = 0 , [aˆi, aˆ
†
j] = δij , [aˆ
†
i , aˆ
†
j] = 0 . (II.77)
The associated one particle Hilbert space H1 now consists of states
|i〉 = aˆ†i |0〉, (II.78)
where the associated no-particle state |0〉 satisfies
aˆi|0〉 = 0 . (II.79)
In a general spacetime, there is no canonical choice of the basis pi and hence no
canonical choice of no-particle state. That is because a function judged to be positive
frequency at one time will not be judged to be positive frequency at a later time. One
needs to introduce two bases pini and and p
out
i say. In general one finds that
aˆouti = αij aˆ
in
j + βij aˆ
in
j
† (II.80)
and thus the expected number of out particles in the in vacuum is
Ni = 〈in|aˆouti †aˆoutj |in〉 =
∑
j
|βij |2 . (II.81)
If the spacetime admits a globally defined timelike or null Killing vector field Ka one
may restrict them to be linear combinations of positive (or negative) frequency solutions,
that is for which
Ka∂aφ = −iωφ (II.82)
and ω is positive (respectively negative). For a Bargmann metric we may always take
Ka∂a =
∂
∂s
. (II.83)
In [17] this choice was shown to imply that plane gravitational wave spacetimes, a par-
ticular example of a Bargmann type spacetime, do not give rise to pair-creation.
We may follow the same strategy in the present case. We choose as our Cauchy
surfaces 4, the null surfaces t = constant. Since
∂a
(√−gJa) = 0, (II.84)
4 Strictly speaking they may not be Cauchy surfaces in the exact sense of the word, since null rays
parallel to the t = constant surfaces need not intersect them. In the present case that amounts to
excluding solutions with zero frequency with respect to s.
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we need to integrate ∫
ds
∫ √−gJ tdnx . (II.85)
For example the case of the damped simple harmonic oscillator
pk,m =
1√
2π
e−imsΨk(x, t) ,
∑
i
←→
∑
k
∫
s
ds (II.86)
where the m is taken as the frequency [3]. We find
(pk,m, pk′,m′) = δkk′δ(m−m′) , (II.87)
where δkk′ is the Kronecker delta symbol and δ(m−m′) the Dirac delta function.
We see that states of the quantum field with different frequencies, that is different
masses, are orthogonal. Indeed as long as we introduce no s-dependence the one par-
ticle Hilbert space H1 and hence the N-particle Hilbert space HN are decomposed into
orthogonal superselection sectors labelled by the mass m and particle number N [3].
From the point of view of non-relativistic quantum mechanics in the lower dimensional
Newton-Cartan spacetime we have an example of the much discussed fact [42] that the
mass in non-relativistic quantum mechanics may be used to label super-selection sectors.
III. SYMMETRIES OF DAMPED OSCILLATORS
A simple example of a dissipative system is provided by the damped harmonic oscil-
lator in one dimension, whose Hamiltonian [consistent with (II.6)] is
H =
1
2m
e−γtp2 +
1
2
eγtmω2x2 . (III.88)
The aim of this section is to provide a geometrical description of its not-entirely-
standard symmetry algebra using the Eisenhart (Bargmann) technique, combined with
the approach of [8–11]. We begin by describing the Arnold transformation in these terms.
A. The Arnold transformation
The key concept followed in [8–11] is the Arnold Transformation [18], which takes a
linear second-order differential equation into a free particle [18]. Its quantum extension
was given as a unitary map between the space of solutions of the two systems and their
operators [8].
The most general linear second-order differential equation in one dimension is,
x¨+ f˙(t)x˙+ ω2(t)x = F (t) , (III.89)
where f , ω and F are functions of time, t. For the damped oscillator, f(t) = γt with γ
and ω constants and F = 0. However the results of this section apply to a generic time
dependence.
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Let u1, u2 be two independent solutions of the associated homogeneous equation
and up a particular solution of the full equation. It is convenient to choose the initial
conditions as
u1(t0) = u˙2(t0) = up(t0) = u˙p(t0) = 0 , u˙1(t0) = u2(t0) = 1 . (III.90)
Their Wronskian is u˙1u2 − u1u˙2 = e−f . Then setting
ξ =
x− up
u2
, τ =
u1
u2
, (III.91)
carries the motion into that of a free particle,
ξ(τ) = aτ + b. (III.92)
The transformation (III.91) is only local in general, as t is allowed to vary between
two consecutive zeros of u2(t). Geometrically, it is realised in terms of the Eisenhart lift
as follows. Setting
gabdx
adxb = efdx2 + 2dtds− 2ef
(
1
2
ω2x2 − Fx
)
dt2 , (III.93)
we recognize the metric (II.18) of the 3-dimensional Bargmann manifold B3, with
α = e−f , β = α−1,
V
m
=
1
2
ω2x2 − F (t)x . (III.94)
Then (III.91), completed with
σ = s+ efu2
(
1
2
u˙2 σ
2 + u˙p σ
)
+ g(t) where g˙(t) =
1
2
et
(
u˙2p − ω2u2p + 2Fup
)
(III.95)
allows us to rewrite (III.93) as 5,
gabdx
adxb = efu22
(
dξ2 + 2dτdσ
)
. (III.96)
Thus the Arnold transformation makes manifest the conformal flatness of the Eisenhart
metric for a one-dimensional forced simple harmonic oscillator with time-dependent fric-
tion term and frequency (III.89), generalizing earlier results [27, 28] to the frictional case.
Explicitly, the Arnold transformation for the damped harmonic oscillator is obtained
by setting ef = eγt, F (t) = 0, choosing up ≡ 0 and
u1 = e
−γt/2 sinΩt
Ω
, u2 = e
−γt/2
(
cosΩt +
γ
2Ω
sinΩt
)
, Ω2 = ω2 − γ2/4, (III.97)
5 A formula similar to (III.96) was conjectured by Aldaya et al [43].
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which satisfy the initial conditions (III.90). This provides us with
ξ =
eγt/2 x
cos Ωt+ γ
2Ω
sin Ωt
, (III.98a)
τ =
sinΩt
Ω(cos Ωt + γ
2Ω
sinΩt)
, (III.98b)
σ = s− 1
2
eγtx2
ω2
Ω
sinΩt
cosΩt + γ
2Ω
sinΩt
. (III.98c)
In the undamped case γ = 0 (III.98) reduces to that of Niederer [44], lifted to
Bargmann space [27, 28, 45, 46],
ξ =
x
cosωt
, τ =
tanωt
ω
, σ = s− 1
2
x2ω tanωt. (III.99)
Note that each half-period of the oscillator is mapped onto the full time axis, allowing
one to recover the Maslov correction at the quantum level [27].
1. Symmetries of the CK oscillator
The geodesic Hamiltonian on the cotangent bundle of the Bargmann manifold T ∗B3
is the Eisenhart lift of (III.88),
H = 1
2
gabpapb =
1
2
e−γtp2x +
1
2
eγtω2x2p2s + pt ps , (III.100)
On the other hand, the free Hamiltonian in 1 space dimension lifted to its Bargmann
space [which is simply Minkowski space in 1 + 2 dimensions] is,
H¯ = 1
2
p2ξ + pτ pσ . (III.101)
Now our clue is that eq. (III.96) allows us to infer that the geodesic Hamiltonian H and
H¯, the pull-back of the free Hamiltonian to B3, are conformally related,
H¯ = eγt u22H. (III.102)
But conformally related metrics have identical conformal Killing vectors, which translates
into a statement about conserved quantities for the two Hamiltonians: since classical
motions lift to null geodesics in Bargmann space, conformally related Hamiltonians have
identical symmetries.
Now the free particle is known to carry an extended Schro¨dinger symmetry [47–49]
6. Imitating what is done in the friction-less case [27, 28, 45, 46], its generators can be
“imported” 7 to the damped oscillator by means of the Arnold transformation (III.98).
6 The “Schro¨dinger” symmetry has actually been found by Jacobi [50], see [51].
7 The words “import” and “export” signify pull-back and push-forward respectively by the Arnold map.
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Let us recall that the Bargmann group of the free particle is generated by the con-
served quantities (components of the moment map) T = pξ, E = −pτ , m = pσ associated
with ξ τ and σ –translations; boost are generated by B = −pσξ+pξτ . Expressed in terms
of the original variables, we have,
pξ = u2px − eγt u˙2 x ps , (III.103a)
pτ = e
γt u2 u˙2 x px + u
2
2 e
γt pt − 1
2
e2γt
(
u˙22 − ω2u22
)
x2ps , (III.103b)
pσ = ps = m, (III.103c)
from which we infer, in particular,
H¯ = E = −pτ , B = u1px − eγtu˙1xps . (III.104)
The remaining Schro¨dinger generators, namely dilations and expansions are given by
D = −2τpτ − ξpξ (III.105a)
= −2eγtu1u2pt −
(
1 + 2eγtu1u˙2
)
x px +
eγt
u2
[
u˙2 − eγtu1
(
ω2u22 − u˙22
)]
x2ps ,
K = τ 2pτ + τξpξ − 1
2
ξ2ps (III.105b)
= eγtu21pt +
u1
u2
(
1 + eγtu1u˙2
)
x px +
1
2u22
[−1− 2eγtu1u˙2 + e2γtu21 (ω2u22 − u˙22)]x2ps.
The “exported” generators T,B,E,m satisfy the (extended) Newton-Hooke Poisson al-
gebra [25]; adding D and K one gets, once again, the Schro¨dinger algebra [45, 46] 8.
Let us underline that some of the “imported” Schro¨dinger generators are explicitly
t-dependent and are conserved only in the larger sense, i.e. for f = T, B, m they satisfy
{H, f} = 0, which in terms of 1-dimensional Poisson brackets expands as
{H, f}1d + ∂f
∂t
= 0. (III.106)
The quantity E instead is conserved only on-shell, satisfying
{H, E} = eγtu2 (γu2 + 2u′2)H . (III.107)
In conclusion, the damped oscillator shares (as does its friction-less cousin [44]),
the Schro¨dinger symmetry of a free particle, despite the rather different form of the
generators. It is important to stress, though, that the geodesic Hamiltonian H in (III.100)
which generates the dynamics, does not belong to the symmetry algebra, whereas the
“imported” free Hamiltonian H¯ in (III.101) does belong to the symmetry algebra but
does not generate the dynamics.
8 Upon the substitutions ps → m, px → −i~∂x the quantities T and B are mapped to the operators Pˆ
and mXˆ of the quantum theory described in [8], explaining the origin of the Heisenberg-Weyl algebra
found in [8]. pτ is mapped to − 12m Pˆ 2. Similarly, the quantities in (III.105) are linear combinations of
the operators Xˆ2, Pˆ 2, X̂P .
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B. The Bateman “Doppelga¨nger” (Bateman double)
The idea of Bateman [16] was to derive an action principle for the equation
x¨+ γx˙+ ω2x = 0 (III.108)
by introducing an auxiliary field y(t) as a Lagrange multiplier,
S =
∫
y
(
x¨+ γx˙+ ω2x
)
dt. (III.109)
Variation w.r.t. y reproduces (III.108), whereas variation w.r.t. x yields a y-oscillator
with “anti-damping”,
y¨ − γy˙ + ω2y = 0. (III.110)
Then
S ∼
∫
Ldt = m
∫ (
x˙y˙ − γ
2
(yx˙− xy˙)− ω2xy) dt ,
where “∼” means up to surface terms. The associated momenta are defined as px = ∂L/∂x˙
and py = ∂L/∂y˙, leading to the Hamiltonian
HB =
pxpy
m
+
γ
2
(ypy − xpx) +mΩ2xy . (III.111)
Despite the appearances, the Hamiltonian HB gives rise to the equations of two non-
interacting damped/anti-damped simple harmonic oscillators whose total energy HB is
constant. Note that HB is indefinite.
Amusingly, introducing u = x+y
2
v = x−y
2
eqns (III.108)-(III.110) can also be presented
as two, coupled oscillators
u¨+ ω2u = −γv˙ (III.112a)
v¨ + ω2v = −γu˙ (III.112b)
whose individual energies change at same rate,
1
m
d(Eu)
dt
=
d
dt
(
1
2
u˙2 + ω2u2
)
= −γu˙v˙ (III.113a)
1
m
d(Ev)
dt
=
d
dt
(
1
2
v˙2 + ω2v2
)
= −γu˙v˙ (III.113b)
such that the total energy HB = Eu −Ev is indeed conserved.
One may wonder if the Bateman procedure can be extended to more general potentials
V . The analog of eqn (III.87) would then be
L = x˙y˙ − γ
2
(yx˙− xy˙)− y
m
V ′(x) (III.114)
which would yield the correct x-equation
x¨+ γx˙+
V ′(x)
m
= 0 (III.115)
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cf. (III.108) but whose y-equation would be
y¨ − γy˙ + y
m
V ′′(x) = 0. (III.116)
The system is conservative but would consist of two be coupled equation, not symmetric
in x and y.
1. Symmetries of the Bateman system
The Bateman system of is composed of two uncoupled Caldirola-Kanai oscillators
with equal masses and frequencies but opposites values of γ, with Hamiltonian
HCK = e
−γt p
′ 2
x
2m
+
1
2
mω2x′2eγt − eγt p
′ 2
y
2m
− 1
2
mω2y′2e−γt . (III.117)
The transformation from the latter to the former is canonical and obtained by the following
generating function of type-2 of mixed variables F2 = F2(x
′, y′, px, py),
p′x =
∂F2
∂x′
, p′y =
∂F2
∂y′
, xˆ =
∂F2
∂pˆx
, yˆ =
∂F2
∂pˆy
, HB = HCK +
∂F2
∂t
, (III.118)
where HB is (III.111) and
F2 =
1√
2
(
eγtx′ + y′
)
py +
1√
2
(
x′ − e−γty′) px + γ
4mΩ2
e−γtp2x −
mγ
8
(
e
γt
2 x′ − e− γt2 y′
)2
.
(III.119)
Explicitly,
x =
1√
2
[
ω2
Ω2
(
x′ − e−γty′)+ γ
2mΩ2
(
e−γtp′x − p′y
)]
, (III.120a)
y =
1√
2
(
eγtx′ + y′
)
, (III.120b)
px =
1√
2
[
p′x − eγtp′y +
mγ
2
(
eγtx′ − y′)] , (III.120c)
py =
1√
2
(
p′y + e
−γtp′x
)
. (III.120d)
This transformation is defined in phase space and is not induced by a transformation act-
ing on configuration space. In particular, there is no transformation between the Eisenhart
lift of the Bateman system and that of the double Caldirola-Kanai
H = HCK + ptps . (III.121)
In relation to (III.121) section IIIA provides us with two copies of the Bargmann
(extended Galilei) algebra, one for +γ and one for −γ. With the notations of IIIA we
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define T1 = T , B1 = B and E1 = E for the first copy. Then, we define the functions v1,2
as the functions obtained from u1,2 by changing γ → −γ. In terms of these we define
T2 = v2 p
′
y − e−γt v˙2 y′ ps , (III.122a)
B2 = v1 p
′
y − e−γt v˙1 y′ ps (III.122b)
E2 = −e−γt v2 v˙2 y′ p′y − v22 e−γt pt +
1
2
e−2γt
(
v˙22 − ω2v22
)
y
′ 2ps . (III.122c)
The two copies of the Heisenberg subalgebra are mutually commuting:
{T1, T2} = 0 = {T1, B2} , (III.123a)
{B1, T2} = 0 = {B1, B2} . (III.123b)
However, the two Bargmann algebras interact through the energy generators.
Acting repeatedly with E1 on the (T2, B2) Heisenberg subalgebra generates infinite
copies of Heisenberg subalgebras due to the time-dependency of the generators, and sim-
ilarly exchanging 1↔ 2. By this we mean that if we define for i 6= j, i, j = 1, 2
{Ei, Tj} := τ (1)j {Ei, τ (n)j } := τ (n+1)j , (III.124a)
{Ei, Bj} := β(1)j {Ei, β(n)j } := β(n+1)j (III.124b)
then we will have
{τ (n)i , β(n)j } = δijµ(n)i , (III.125)
for a time dependent µ
(n)
i proportional to ps. These new Heisenberg subalgebras are also
mutually commuting, as in (III.123).
For concreteness, specialising to the first n = 1 level we find the following generators:
τ
(1)
2 = e
γt u22 v˙2 p
′
y + ω
2 u22 v2 y
′ ps , (III.126a)
τ
(1)
1 = e
−γt v22 u˙2 p
′
x + ω
2 v22 u2 x
′ ps , (III.126b)
β
(1)
2 = e
γt u22 v˙1 p
′
y + ω
2 u22 v1 y
′ ps , (III.126c)
β
(2)
1 = e
−γt v22 u˙1 p
′
x + ω
2 v22 u1 x
′ ps , (III.126d)
µ
(1)
2 = e
2γtω2u42 ps , (III.126e)
µ
(2)
1 = e
−2γtω2v42 ps . (III.126f)
In other words if we decide to measure time using the coordinate τ1 =
u1
u2
associated to
the generator E1, then our physical system will be described by a standard Heisenberg
algebra (T1, B1) for a ‘freely falling’ first particle, plus another time dependent Heisenberg
algebra (T2, B2) whose generators have a non-standard dependence on time that gives rise
to the infinite set of copies of Heisenberg algebras. The remaining brackets are between
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elements of the {T,B} and {τ, β} algebras:
{T1, τ (1)2 } = 0 , {T1, τ (1)1 } = α1 , {B1, τ (1)2 } = 0 , {B1, τ (1)1 } = β1 ,
{T1, β(1)2 } = 0 , {T1, β(1)1 } = β1 , {B1, β(1)2 } = 0 , {B1, β(1)1 } = γ1 ,
{T2, τ (1)2 } = α2 , {T2, τ (1)1 } = 0 , {B2, τ (1)2 } = β2 , {B2, τ (1)1 } = 0 ,
{T2, β(1)2 } = β2 , {T2, β(1)1 } = 0 , {B2, β(1)2 } = γ2 , {B2, β(1)1 } = 0 ,
(III.127)
where
α1 = −v22
(
ω2u22 + u˙
2
2
)
ps , (III.128a)
β1 = −v22
(
ω2u1u2 + u˙1u˙2
)
ps , (III.128b)
γ1 = −v22
(
ω2u21 + u˙
2
1
)
ps , (III.128c)
and where α2, β2, γ2 are obtained by the interchange u ↔ v. These elements commute
with all the elements in the algebra with the exclusion of E1 and E2. Acting with the
latter gives rise to an infinite tower of elements proportional to ps.
Lastly: if we now consider dilations D1,2 and expansions K1,2 in the algebra we get
again new terms. However, all of these are of similar nature to the ones found in this
section: because of the SL(2,R) symmetry we get algebras similar to the ones above if
instead of E1,2 we use D1,2 or K1,2. Algebraically this happens as different permutations
of the u1,2, v1,2 functions are allowed.
IV. HUBBLE FRICTION
Our ultimate example of a universal non-autonomous influence on all physical systems
is the expansion of the universe. While the background metric may have a high degree of
spatial symmetry, it certainly lacks time translation invariance except in the special cases
of Minkowski spacetime and Einstein-Static universe. In the case of the de-Sitter and
anti-de-Sitter spacetimes the spacetime is in fact of maximal symmetry, like Minkowski
spacetime, but this fact is disguised by the fact that they may be cast in an expanding
Friedmann-Lemaˆıtre form:
gµνdx
µdxν = −c2dt2 + a2(t)gij(qk)dqidqj, (IV.129)
where xµ(t, qk) and gij(q
k) is the maximally symmetric metric on E3, S3 or H3. The
obvious notion of energy is not conserved in such spacetimes and if expanding this leads
to a universal source of dissipation, an example of which is the phenomenon of Hubble
friction which we shall now examine using the ideas developed in this paper.
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A. Particle moving in an inhomogeneous cosmological spacetime
We shall begin by considering the motion of a free particle moving in a spatially flat
Friedmann-Lemaˆıtre spacetime with scale factor a = a(t) and metric
gµνdx
µdxν = −c2dt2 + a2(t)dr2, (IV.130)
where t is cosmic time. The Lagrangian and equation of motion for a relativistic point
particle moving in the space-time (IV.130) are
L = −m
∫
dt
√
1− a
2r˙2
c2
and
d
dt

a2 r˙√
1− a2r˙2
c2

 = 0 , (IV.131)
respectively. The spatial coordinate r here is called co-moving position since the world
lines of the matter (e.g. galaxies participating in the Hubble flow) have r = constant. In
the Newtonian limit the quantity x = a(t)r corresponds to an inertial coordinate. For an
account of Newtonian cosmology from a point particle perspective and a review of earlier
fluid-based models the reader may consult [32, 52–54].
To obtain the Newtonian limit we let c→∞ and find the equation of motion
d(a2r˙)
dt
= 0 ⇒ r¨ + 2 a˙
a
r˙ = 0 . (IV.132)
Clearly, if a˙ > 0 the “free” particle experiences a universal (i.e. mass-independent)
frictional force. In general the friction coefficient γ = 2a˙/a is time dependent. However
if a(t) = eHt, where H = const., which corresponds to spatially flat de-Sitter universe,
γ = 2H , and the coefficient is independent of cosmic time t.
In the general case we may always introduce
τ =
∫
dt
a2
, (IV.133)
for which the friction coefficient vanishes. This example reinforces the idea that the notion
of dissipation depends on the time coordinate one uses.
The Friedmann-Lemaˆıtre metric with additional matter distribution is given approx-
imately by the McVittie metric [55, 56] cf. [57, 58]
ds2 = −(1 + 2U(x)
a(t)
)dt2 + a2(t)(1− 2U(x)
a(t)
)gijdx
idxj , (IV.134)
where U(x) is the Newtonian potential satisfying∇2gU = 4πδρ .∇2g is the Laplace-Beltrami
operator with respect to the spatial metric gij, which is of constant curvature k, and the
scale factor a(t) satisfies the Friedmann equation
a˙2
a2
+
k
a2
=
8π
3
ρ(t) (IV.135)
with ρ(t) the background energy density.
For point particles of mass ma U(x
i) = −∑bG(xi, xjb) where G(xi, xjb) is the Green’s
function −∇2gU = 4π
∑
b δ(x, xb) . For a single particle and certain energy densities, e.g.
ρ constant and k = 0, the McVittie metric is exact.
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B. The Dmitriev-Zel’dovich equations
If we consider more than one particle, we can take into account their gravitational
interactions. The motion is then governed by the Dmitriev-Zel’dovich equations [59, 60]
considered earlier in [5] in the present context. For a derivation from Newtonian gravity
and and references to earlier work see [53, 61]).
In our notation9 the Dmitriev-Zel’dovich equations read
r¨a + 2
a˙
a
r˙a =
∑
b6=a
Gmb(rb − ra)
a(t)3|ra − rb|3 , (IV.136)
where the Lagrangian from which the Dmitriev-Zel’dovich equations may be obtained,
namely equation (63) of [53], is
L =
∑
a
1
2
a2(t)mar˙
2
a −
1
a(t)
V where V = −
∑
1≤a≤b≤N
Gmamb
|ra − rb| . (IV.137)
This eqn is of the Caldirola-Kanai form (II.6), with
α(t) =
1
a2(t)
, β(t) =
1
a(t)
. (IV.138)
The quickest way of obtaining the Lagrangian (IV.137) is to consider a time-like geodesic of
the McVittie metric (IV.134) in the non-relativistic limit. In General Relativity, Newton’s
constant G is taken to be independent of both time and space. However in the context
of this paper it is natural to suppose that it might vary with time as was suggested
by Dirac [62]. Indeed, this was one of the original motivations for [5]. Following the
observation of [63] that limits on G˙/G may be obtained using the binary pulsar it become
desirable to understand better the results of [64–66] on the symmetries of the equations
of motion of gravitating bodies when G is time dependent. The best current upper limits
(−1.7 × 10−12yr−1 < G˙/G < 0.5 × 10−12yr−1 at 95% confidence level) come from 21
years of observations of the binary pulsar [67]. In what follows we shall allow G to have
arbitrary time dependence.
Turning to symmetries, we note that, in addition to the obvious translation and
rotation invariance, equations (IV.136) admit an analogue of the Galilei invariance of a
similar type to the one which is responsible for Kohn’s theorem [25, 46]. That is, given a
solution r(t) of (IV.136), then
r˜a(t) = ra(t) + r(t) (IV.139)
for a = 1, . . . , N is also a solution so long as r(t) is a solution of (IV.132), – which is in
fact (IV.136) with the interaction terms switched off. The general solution of (IV.132) is
r(t) = a+ u τ, τ =
∫ t
0
dt′
a2(t′)
, (IV.140)
9 S(t) is our a(t).
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where a and u are constant vectors. Thus if u = 0 we recover translation invariance
and if a = 0, we obtain a generalization of Galilean boosts, which reduce precisely to the
latter if the scale factor a(t) is constant. Therefore, because time translation invariance
is broken in the general case, we obtain a 9-parameter group of symmetries rather than
the full Galilei group with all of its 10 parameters.
Can this group of symmetries be further extended ? We note that
P =
∂
∂r
, K = τ
∂
∂r
(IV.141)
do indeed generate the Abelian group (IV.140). However, while P commutes with the
Hamiltonian, [H,P] = 0,
[H,K] =
1
a2
P = K1 (IV.142)
is a new, generally time-dependent generator. It is clear that taking further commutators
with H will lead to the introduction of an infinite number of generalized boosts, Kl, l =
1, 2, . . . , and hence an infinite dimensional deformation of the Galilean algebra.
C. Bianchi cosmology
One may easily generalise the previous discussion to the case of homogeneous cos-
mologies of Bianchi type.
For these cosmologies gij(q
k, t) is a time-dependent left-invariant metric on of the
nine 3-dimensional Lie groups first classified by Bianchi. Using the notation of Sec. IID,
the spacetime metric is of the form
gµνdx
µdxν = −dt2 + gij(qk, t)dqidqj , gij = Babλai λbj . (IV.143)
In the non-relativistic limit we have
L =
1
2
gij q˙
iq˙j . (IV.144)
The quantities
Nc = Bab(t)λ
a
jR
j
cλ
b
i q˙
i (IV.145)
are conserved. One has
q˙i = LiaB
ab(t)Llbρ
c
jNc = g
ij(qk, t)ρcjNc , (IV.146)
which shows that Bab(t) is responsible for anisotropic Hubble friction. The simplest
example is that of Bianchi I for which Rai = δ
a
i = L
a
i and thus
ds2 = −dt2 + gij(t)dqidqj . (IV.147)
One finds that
q˙i = gij(t)Nj ⇒ q¨i = −γij(t)q˙j , (IV.148)
where γij(t) = g˙
ikgkj is a time-dependent friction tensor.
Further details on Newtonian cosmology are presented in a companion paper [32].
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